A general approach for the modeling of fatigue induced damage in woven fabric composites and under multi-axial stress state is outlined in this paper. Guided by isotropic hardening/softening theories of plasticity and damage mechanics, a generalized bounding surface approach is presented. It is argued that the limit surface is only a special case in such a formulation when the fatigue cycle is set to one and that under fatigue environment the limit surface contracts to a failure (residual strength) state based on the number of cycle, stress path, and stress magnitude. Within the formulation, specific kinetic relations for microcrack growth are postulated for woven fabric composites and a new direction function is specified to capture strength anisotropy of the material. Anisotropic stiffness degradations and inelastic strain propagation due to damage processes are also obtained utilizing damage mechanics formulation. The paper concludes with comparing theoretical predictions against experimental records showing a good agreement.
Introduction
A rather large number of scientific papers have been published on the modeling, simulation, and/or experimental investigation of composite materials under fatigue loading. The majority of the published works have addressed various topics associated with the uniaxial stress path loading. By comparison, the amount of work on the multiaxial modeling has been small. For one, the experimental testing under multiaxial stress state is difficult to conduct requiring special instrumentation and apparatus. This has lead to a small amount of experimental data to be available to develop and validate constitutive and failure models. However, the increasing use of woven fabric composites in structures subjected to complex loadings has required engineers to enhance the modeling and the predictive tools for a more reliable design. Compounding the difficulties is the complexity of microstructures of the woven composites itself and the presence of various defects and interfaces within the material.
There are three types of interfaces in woven composites [1] [2] [3] [4] : resin rich area to longitudinal fiber group, resin rich area to transverse fiber group, and the interface between longitudinal fiber group and transverse fiber group. When loaded in the longitudinal direction, while the second kind of interface has little effects on the directions of crack propagation, the other two kinds of interfaces tend to stop the development of cracks perpendicular to the direction of the load. Due to the strength and stiffness of the longitudinal fiber group, cracks propagating in the perpendicular direction stop at the longitudinal fiber group. The resultant stress concentration would then redirect cracks to the weak interface areas around the longitudinal fiber group and initiate breaking of interfaces between adjacent layers. After a number of the weak interfaces are broken down and resultant separate interface areas join together, delamination emerges. Under these complex phenomena, several different damage modes are present: micro-cracking, cracking, debonding, delamination, and fiber fracture [1] [2] [3] [4] [5] [6] . Many researchers report that the fatigue process can be divided into three stages [7, 8] . In the first stage, the main damage modes are matrix micro-cracking and cracking; the second stage is controlled by a combination of matrix cracking, interfacial cracking and delamination; while the fiber failure dominates the last stage.
Different approaches have been taken to address the presence of multitude of cracks as the main damage mode in fatigue process of composite materials. Broutman and Sahu [9] studied the progressive failure of the material by monitoring the crack density at the through thickness. Owen [10, 11] reported damage initiation at fiber-matrix interface due to debonding while, Mandell et al. [12, 13] investigated fatigue damage propagation and failure modes of woven glass composites. Smith and Pasco [1, 6] investigated the behavior of glass reinforced composites under multiaxial state of stress in both monotonic and fatigue loading environment.
It is generally an accepted notion that modeling every crack or defect's evolution and growth is a formidable task, if not an impossible one. Therefore, many researchers have chosen to monitor changes in the material stiffness [14, 15] as an indirect but effective method to measure the internal changes and energy dissipation within the material due to damage.
Following this approach, Yoshioka and Seferis [16] presented a model to predict the fatigue process by observing modulus deterioration. Chou and Ko [17] proposed a model through the prediction of elastic stiffness based on lamination theory. Degrieck and Paepegem [18] have summarized the major fatigue models and life time prediction methodologies for reinforced polymer composites under fatigue loading. Recently, Wen and Yazdani [19] proposed a model to predict the fatigue process through the change of the fourth-order material compliance tensor based on a class of damage mechanics theories.
In this paper we propose a unified approach to the modeling of woven composites under quasi-static and fatigue loading utilizing the bounding surface approach. In fact it will be shown that the Limit (Strength) Surface "LS" is a special case when the fatigue cycle is set to one. This method has an intuitive advantage in that many in the mechanics community are familiar with the non-linear modeling of materials (plasticity and/or damage mechanics) and the extension to fatigue modeling would be regarded as natural. At the same time as will be shown many complex fatigue load paths can be modeled and addressed conveniently within the frame work proposed.
The concept of bounding surfaces can be explained as presented below. Consider a material element shown in Figure 1 where numbers "1" and "2" indicate orthogonal loading directions. Let the biaxial strength envelop (i.e., the Limit Surface representation in 2-D) of the material be represented by "LS" corresponding to the quasi-static loadings of the material point (Figure 2) . The "LS" surface represents the limit (ultimate) strength of the material under a variety of loading paths in non-fatigue environment.
As understood in the fatigue loading, as the number of loading cycles increases, the ultimate strength of the material decreases due to the presence and activation of inherent and new flaws and damage in the material. In two dimensional representation scheme as we have adopted here, it is then plausible to consider that the Limit Surface, "LS", would collapse inward as represented by "RS" family of curves identified as Residual Strength surfaces, utilizing the terminology used in fatigue literature. As the number of cycles increases the LS surface collapses further in as shown for n 2 > n 1 . At some point the failure state is reached where material fails due to the applied stress level at cycle "N". In fatigue literature, "N" is also referred to as life of the material. The task at hand is to develop a realistic and reasonable limit surface based on principles of mechanics, and to propose evolutionary equation that would provide the position of intermediate residual strength surfaces loading to the failure surface, FS, when n = N. The model presented in the following sections is regarded as an extension to the work and Wen and Yazdani [19] where by utilizing a bounding surface theory and damage mechanics formulation a unified approach is presented for the fatigue modeling of woven fabric composites. A new direction function is also introduced to capture the strength anisotropy of the woven composite materials.
Formulation
In this paper it is assumed that the fatigue loading is of low frequency so that thermal effects could be ignored.
With the further assumption of small deformation, the form of Gibbs Free Energy (GFE) is deduced from [20, 21] and shown as follows.
where C represents the compliance tensor, ε i designates the inelastic strain tensor, σ is the applied stress tensor, A i (k) is a scalar function, and k is the cumulative fatigue damage parameter. The symbol ":" denotes the tensor contraction operation. For small deformations as assumed, one can decompose the current compliance tensor into an initial undamaged component plus added flexibility caused by damage during fatigue loadings as [20] [21] [22] [23] [24] :
where, is the initial undamaged fourth-order compliance tensor and denotes the added flexibility tensor due to damage. Also, the changes in the fourthorder compliance tensor and the inelastic strain tensor are regarded as fluxes in the thermodynamic state sense and are expressed below with respect to a set of response tensors R and M as:
The response tensors determine the directions of the fatigue damage and the inelastic deformation processes. Following the standard thermodynamics arguments and assuming that the unloading is an elastic process, the onset of damage is determined by defining a potential function that is derived by combining Equations (1)-(3) so that [20, 21] 
where t is interpreted as the damage function given below as
for some scalar-valued function
We note that as long the function "t" could be obtained experimentally, the identification of the components shown on the right hand side of the Equation (5) is not necessary.
To progress further, specific forms of the response tensors R and M must be provided. Guided by the experimental data from literature [1] , the following response tensors are postulated for R and M:
where the symbol " " signifies the tensor product operation, I represents the fourth-order identity tensor, i represents the second-order identity tensor, and α and β are material parameters.

The response tensor R is composed of two parts as follows.
The first part, R I , indicates that damage occurs in the loading directions. This is in concurrence with observed experimental data [1] . However with R I alone, the limit surface that is predicted by the model cannot match the experimental data as shown in Figure 3 . Also, with R I alone any change in the Poisson's ratio could not be predicted by the proposed theory. Thus, the second part, R II , is included. With an experimentally determined value of parameter α, the limit surface prediction is shown as the solid curve in Figure 3 . The role of R II is thus two fold. One, the form enables the model to predict enhancement in strength under proportional loading, and two enables the model to address changes in the apparent poison's ratio.
The damage function, t   (10) is proposed as
By substituting Equations (6), (7), (10) , and (12) into Equation (4), the damage function is re-written as To obtain the forms of scalar parameters 1 t F and 2 t F , two uniaxial loading paths in fiber direction "1" and "2" at the limit state are considered, respectively. Since at the limit state the function   1 q k  , in direction "1" Equation (13) is simplified to be as
where 1 t is the tensile strength in direction "1" . Similarly, in direction "2", designating 2 t as the tensile strength in direction "2", Equation (13) being unequal, the model will predict strength anisotropy as one expects in most composites.
An example is provided here to illustrate the capability of the model to predict strength isotropy and anisotropy. The predicted limit surfaces of two materials are shown in Figure 4 . The dashed curve represents a material with strength anisotropic with strength 1 MPa in direction "1" and 2 MPa in direction "2." The solid curve represent a material with a strength isotropy with strength MPa in both directions. 
Fatigue
As the number of loading cycles starts to increase, the strength of the material is affected and reduced. The limit surface representing the foci of all strength points associated with is therefore affected and should be modeled to soften to failure surface. To achieve this, the strength function 
where   F n acts as a the softening function. Incorporating the damage softening function back into the general formulation yields
To interpret the softening function
 
F n we consider a uniaxial fatigue loading path in the fiber direction "1" with max 1 q  as:
With the previously obtained result that   
The relation (19) represents the ratio of the residual strength over the ultimate quasi-static strength. This is also referred to the classical S-N curve in fatigue literature terminologies. To determine a proper form for   F n , we therefore refer to the experimental S-N curve for uniaxial tension in the literature. The two most fundamental classical S-N curves are the power function and logarithm function. By comparison with experimental work [1] , the power function is used as follows. Let
where n is the number of cyclic loading, and A is a material parameter.
For the experimental work [1] that is used here, the model predictions are shown in Figures 5-7 for various stress ratios.
To obtain the constant material parameter "A", we utilize Equations (14) and (20) 
Finally, the rate of the damage parameter, k, must be obtained and specified consistent with the constitutive relations used and the strength degradation forms proposed due to fatigue cycles. For the simple constitutive relation of the form shown as  :
, the rate of damage parameter, dk dn , for the uniaxial path can be shown to be as
where 0 is the initial Young's modulus in the absence of any damage. 
Numerical Simulation
In this section, the predictions of the proposed model are compared with the experimental data [1] . Smith & Pascoe [1] used a biaxial hydraulic servo-controlled rig developed at the Cambridge University Engineering Department. Nine biaxial and three uniaxial stress states were tested. All tests were load control. Fatigue test frequencies were generally kept in the range 0.1 Hz -0.6 Hz to prevent excessive cyclic induced heating. The specimens were cruciform for biaxial tests and parallel-sided for uniaxial tests. All specimens were from one batch of laminate which was laid up from reinforcement of glass fiber woven roving (0 -90) and isophthalic polyester resin. Each laminate contains 13 laminas. Warp and weft fibers of different lamina are aligned in the same directions, respectively.
Three material parameters, A, α, and β are used in the model. To determine the parameters, the following tests can be used. With one uniaxial fatigue test and knowing the uniaxial strength of the material, the residual strength, 1  , and cyclic number, n, can be obtained. The constant A can then be determined by Equation (21) . The parameter β is a kinematic parameter and is identified by measuring the inelastic deformation after unloading. With one biaxial quasi-static test and parameter β, α can be determined by Equation (13) . Figure 8 shows the prediction results of biaxial limit surface and residual strength surface against the experimental work [1] , for the monotonic loading when 1 n  and the fatigue loading when cycles. The theoretical results for predictions are good considering the simplicity of the forms that were used. The following material parameters were used: α = 0.46, β = 0.1, A = -0.1.
105 n  Figure 9 shows the comparison of the model prediction of the increment of compliance with the experimental data [1] . The experimental data are of an equal biaxial fatigue test. The values of parameters α, β, and A are the same as those of Figure 8 . Lastly, the predicted stress-strain relations are shown on Figures 10-12 where the strength and ductility reductions are demonstrated due to effect of fatigue loading. Figure 10 shows the predicted stress-strain relations of uniaxial monotonic and fatigue loadings; Figure 11 shows those of monotonic and fatigue loadings with stress ratio 1:0.5; Figure  12 shows those of monotonic and fatigue loadings with stress ratio 1:1. The experimental data are from the work [1] .
Conclusion
An anisotropic damage model is established to predict the fatigue behavior of woven composite materials under low frequency fatigue loading for multi-axial stress states. A class of damage mechanics is utilized recognizing that cracking is the main type of irreversible process and damage in the material that also dominates most of the fatigue life. In this work a bounding surface theory is presented to predict the fatigue behavior of the woven material under biaxial loadings. The limit strength state expressed as a potential damage function is let to soften (shrink) based on an appropriate rate of a damage variable. The changes of the material properties and the inelastic deformation are also addressed by means of response tensors. The forms of response tensors allow the formulation to predict induced anisotropy due to cracking. Strength anisotropy is also studied and addressed. By comparison with experimental data, the model shows good capability to describe the essential properties of woven composite materials under biaxial fatigue loading.
